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Abstract. We fit a dynamic factor model: monthly inflation-adjusted S&P 500 returns
vs 10-year trailing earnings yield (the inverse of Shiller price-to-earnings ratio), 10-year
trailing dividend yield, and 10-year real interest rate. We model these three factors as
AR(1) in three dimensions. We use long-term data from 1881 compiled by Robert Shiller,
available at multpl.com. However, in the short run, fluctuations have heavy tails and
do not significantly depend on previous values. We use Bayesian regression with normal
residuals. We show significant dependence of long-term returns on the initial factor values.
1. Introduction
Since the seminal work by Robert Shiller [5, 12], price-to-earnings (PE) ratio approach to
investing has captured attention of academics and practitioners in finance, and seeped into
the popular literature. In this article, we measure the stock market by Standard & Poor
(S&P) 500 index: This is a standard benchmark, which is defined as a sum of stock prices
for 500 stocks of publicly traded companies in the USA with large capitalizations (caps),
weighted by their capitalizations. For every such company, its earnings are announced in
financial statements, which are released quarterly (4 times a year).
1.1. Earnings yield. Add the earnings during the last year, and average these over the
last ten years. Dividing this quantity by the current stock price, we get the 10-year trailing
earnings yield (EY); its inverse is 10-year trailing PE ratio. This PE ratio approach is easy
to explain: The stock market is overpriced when its Shiller PE ratio (computed as weighted
average of individual stocks’ 10-year trailing PE ratios) is significantly higher than the long-
term average. (Or, equivalently, its earnings yield, defined as the inverse of the Shiller PE
ratio, is lower than its long-term average.)
It is easy to implement: Invest all or most of your money in the stock market when S&P
500 PE ratio is low (for example by buying any S&P 500 exchange-traded fund (ETF), which
aims to mimic the movement of this index). When this PE ratio is high, however, one should
invest in Treasury bonds (T-bonds). This dependence of S&P 500 over its PE ratio is only
over the long-term, for example 10 or 20 years. Over the time interval of one day, one month,
or even one year, the stock market movements are dominated by short-term fluctuations.
The price-to-earnings ratio investing was introduced in the celebrated work by Robert
Shiller: Among other references, see the article [5] and the famous book [12]. Since then PE
approach was studied both in academic literature, and articles by financial practitioners. It
is impossible to do full justice to the enormous literature; see for example [9, 11, 3, 1].
The question of how much the price-to-earnings ratio predicts long-term returns is in-
timately related to the celebrated efficient market hypothesis: Whether an investor can
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consistently outperform the stock market benchmark (measured by S&P 500), taing into
account this investor’s level of risk and transaction costs. If there is negative correlation
between the S&P 500 returns over the long term and its PE ratio, then an investor can beat
this benchmark by investing all money into T-bonds when the PE ratio is high, and into the
S&P 500 when the PE ratio is low. Even with a buy-and-hold portfolio (no active trading),
the investor is likely to beat the market in the first case, and will, by construction, stay with
the market in the second case. Additionally, the investor might move all money from stocks
to bonds when the PE ratio rises enough, and back when it falls enough. To keep transaction
costs low, it is advisable to rebalance rarely.
1.2. Short-term fluctuations. A statistician who attempts to model such dependence,
however, faces an important obstacle: As mentioned above, stock market returns significantly
depend on the PE ratio only over a very long term. To the best of our knowledge, available
data for S&P 500 starts from 1871; this ten-year trailing ratios can be computed only starting
from 1881. If one tries to perform regression of stock market returns over 10 years, between
t and t + 10 for t = 1881, . . . , 2008, versus Shiller PE ratios in these years, the data will be
overlapping (for example, returns from 1881 to 1891 and returns from 1882 to 1892 will both
contain the data from 1882 to 1891). Thus we cannot assume that the error terms in this
regression are independent. One can consider only 10-year intervals: Returns from 1881 to
1891 vs PE ratio in 1881; returns from 1891 to 1901 vs PE ratio in 1891, etc. However, this
data set will contain only 13 points. Moving in 1-year steps gives us more steps and data
points, but the 1-year trailing PE ratio (unlike its 10-year version) fluctuates a lot; it is not
a good predictor of stock market returns.
In this article, we model monthly returns of the S&P 500 versus Shiller PE ratio; in
addition, we model this PE ratio itself as an autoregression. In other words, this is a
dynamic factor model: the factor (PE ratio) is itself modeled as time series. For one month,
the dependence of S&P 500 returns on its Shiller PE ratio is not statistically significant
in the classic sense: the p-value is greater than the standard threshold 0.05. However, the
evidence of such dependence is weak, but not entirely absent. Similarly, the dependence of
the monthly change in this PE ratio on its previous value is not statistically significant, but
is still visible. Applied over the long run, these two parts of our dynamic factor model create
significant dependence of long-term returns over the current PE ratio.
1.3. Treasury rate. Another important factor: long-term interest rates on Treasury bonds.
As indicated above, stock and bond markets compete for investors’ capital. Thus higher in-
terest rates on Treasury bonds make them more attractive for investors, and diverts money
from the stock market. In particular, high long-term interest rates make S&P 500 less ap-
pealing for long-term investors. This relation was studied in academic and applied literature;
see, for example, [6].
In this article, we are interested in the 10-year real interest rate: Maturity is chosen to
match the trailing length of the Shiller PE ratio, and we adjust for inflation since our target
S&P 500 is also presumed to be real (inflation adjusted).
Actual 10-year real interest rate is for Treasury Inflation-Protected Securities (TIPS) which
automatically compensate for inflation in their principal and coupon payments. Therefore,
this 10-year real interest rate ρ satisfies (1+ρ)(1+ i) = 1+r, where r is the nominal rate, i is
the average annual expected inflation over the last 10 years. But long-term data for ρ is not
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available: Treasury started issuing TIPS only in the 1990s. Thus we replace i with average
annual inflation over the last 10 years. This allows us to use data going back to 1881.
1.4. Dividend yield. A third important factor for investing in the long run is dividends.
Owning a stock can benefit in two ways: Appreciation of the stock price, and collection of
dividends. Dividends are usually paid quarterly (4 times a year). Although there is no legal
obligation for a company to pay dividends, owners of common stocks usually expect their
company to pay dividends in the long run. Summing up all dividends paid last year for all
companies included in the S&P 500, weighted by the stock caps, we get the dividend for
S&P 500. Dividing it by S&P 500 index itself, we get the dividend yield (DY). We take the
10-year trailing version of the DY, by averaging dividends over the last ten years, similarly
to the Shiller PE ratio. Similarly to the EY, the 10-year version of the DY is less volatile.
Its inverse, the price-to-dividend ratio, is studied in [7].
1.5. Our contributions. Dependency of the S&P 500 returns over PE ratio, PD ratio,
and other fundamentals has been studied extensively. It is impossible to survey all existing
literature; instead, we refer the reader to the articles cited above, as well as [8, 2, 10]. This
research article is our attempt to bring together 10-year trailing S&P 500 earnings yield
(10EY), 10-year trailing S&P 500 dividend yield (10DY) and 10-year Treasury real interest
rates (10TR) for modeling long-term stock market returns. To the best of our knowledge,
no one has studied such simultaneous dependency, using all available data 1881–2019 from
multpl.com. This is the novelty of our research. We do not attempt to be comprehensive;
some directions for future research are mentioned in Section 5.
We model each of these factors using a simple autoregression AR(1), which captures the
tendency of each factor to revert to its long-run mean (7% for 10EY, 4.3% for 10DY, 1.5%
for 10TR). Then we regress the S&P 500 return over the next month over 10EY, 10DY,
and 10TR. This dynamic factor model has, as inputs, initial values of factors: 10EY, 10DY,
10TR. Starting from these numbers, after having fit the model, we can simulate the wealth
process: We invest our initial wealth of 1 in S&P 500, every year we are paid dividends,
which are automatically reinvested in our S&P 500 portfolio. We do a separate regression of
next year’s DY vs 10EY, 10DY, and 10TR. Thus we can simulate the entire wealth process.
Absence of short-term statistical significance does not imply lack of long-term statistical
significance. In our case, the p-value analysis seems to be quite inadequate. We use Bayesian
statistics with a uniform (non-informative) prior. We are working with very volatile monthly
returns, using them to model long-term returns (over 10 years or more).
It is well-known that short-term market fluctuations have heavy tails and are not well
described by normal distribution. This applies to our data, too. For the purpose of this
article, we stick with the current approach: It is common in quantitative finance to use
normal distribution even when there is evidence that the data does not exactly fit it, for
example in the Black-Scholes model. In addition, long-term returns are averages of short-
term returns, and as such we can stake a better claim for Gaussian modeling of the former
than the latter. However, we acknoweldge that more research is needed in this direction,
presumably involving generalized linear models.
1.6. Organization of this article. Section 2 is devoted to description of the data. Section
3 lays out the dynamic factor model, and presents the results of its fitting: both point
estmates and the Bayesian framework. Section 4 is devoted to simulation of the wealth
process for various initial conditions: when EY, DY, TR are equal to their current values
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(as of April 1, 2019); when they are equal to their long-term averages. The latter simulation
gives us long-term average return of S&P 500, including dividends and inflation. Section 5
contains conclusions and suggestions for future research. The code and data are available at
https://github.com/asarantsev/BayesianLongTermFactorModeling
1.7. Notation. The inverse chi-squared distribution is given by
Ξ(x | ν, c) = c
ννν/2
2ν/2Γ(ν/2)
x−(ν/2+1) exp(−cν/2x), x > 0.
The multivariate d-dimensional normal distribution is denoted by Nd(µ,A), where µ ∈ Rd is
the mean vector and A is a d× d covariance matrix. For the matrix A, its transpose is A′.
2. The Data
We use monthly data from the web site multpl.com, January 1881– January 2019:
(1) 10-year Treasury bill interest rate RN(t);
(2) Consumer Price Index CPI(t) at month t;
(3) S&P 500 inflation-adjusted prices S(t) at month t;
(4) S&P 500 Shiller 10-year trailing price-to-earnings ratio PE(t);
(5) S&P 500 inflation-adjusted annual dividends DIV(t) paid over the months t−11, . . . , t;
(6) S&P 500 1-year trailing dividend yield ∆(t) = DIV(t)/S(t).
We conveniently have homogeneous monthly data going back to 1871. We compute:
(1) 10-year trailing average yearly inflation over time [t− 120, t]:
I(t) :=
1
10
CPI(t)− CPI(t− 120)
CPI(t− 120) ;
(2) 10-year trailing dividend yield at month t:
D(t) :=
1
10S(t)
(DIV(t) + DIV(t− 12) + . . .+ DIV(t− 108)) ,
which is the average (niflation-adjusted) yearly dividend paid over the last 10 years,
divided by the current (inflation-adjusted) S&P 500 price;
(3) 10-year real interest rate, computed as
R(t) :=
1 + RN(t)
1 + I(t)
− 1;
(4) 10-year trailing S&P 500 earnings yield (10EY) E(t) := 1/PE(t): average annual
(inflation-adjusted) earnings over the last 10 years divided by the current (inflation-
adjusted) S&P 500 price;
(5) Current inflation-adjusted S&P 500 price S(t), and 1-year trailing DY ∆(t), which
we can use out of the box.
Since we need to go back 10 years, the time series D,E, I, R, S,∆, can be used only in
time period January 1981–January 2019. This is 138 · 12 + 1 = 1657 time points. We let
January 1981 to be t = 0 and January 2019 to be t = 1656.
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3. Fitting the Model
3.1. The model. Factors D,E,R (10DY, 10EY, 10TR, respectively) are assumed to be a
3-dimensional AR(1): If F(t) := [D(t), E(t), R(t)]′, then
F(t) = aF(t− 1) + b + ε(t), ε(t) ∼ N3(0,Σ) i.i.d.(1)
with a, Σ fixed 3× 3 matrices, b ∈ R3 matrix. Next, regress next year’s DY on 10DY:
(2) ∆(t+ 12) = ∆DD(t) + ∆EE(t) + ∆RR(t) + b∆ + σ∆ε∆(t), δD(t) ∼ N (0, 1) i.i.d.
with error terms independent of each other and of the error terms from (1). Finally, we
model S&P 500 monthly returns as a multiple linear regression:
(3) ln
S(t+ 1)
S(t)
= r + αDD(t) + αEE(t) + αRR(t) + σSεS(t), εS(t) ∼ N (0, 1) i.i.d.
with error terms in (3) again independent of the error terms in (1) and in the error terms
in (2). The wealth process V (t) is defined as follows: To normalize, we start from V (0) = 1,
and keep all our wealth in S&P 500 index. Every 12 months: t = 12, 24, . . . we collect
dividends, computed as the trailing 1-year DY at this time: ∆(t), times the current S&P
500 price S(t), and automatically reinvest them into S&P 500. Thus the equation is:
V (t) :=
S(t)
S(0)
, t = 0, . . . , 11;
V (12) :=
S(12)
S(0)
(1 + ∆(12));
V (t+ 12) :=
S(t+ 12)
S(12)
V (12), t = 0, . . . , 11;
V (24) :=
S(24)
S(12)
(1 + ∆(24)), . . .
(4)
Since V (t) (at least starting from t = 12) depends on time series and regressions nonlinearly,
it is not possible to find the distribution of V (t) in the exact form. However, it is possible to
simulate it, find empirical mean, variance, and value-at-risk for various levels of confidence.
3.2. Point estimates. For simplicity of simulation, we assume that the covariance matrix
in (1) is diagonal. This will allow us to use ordinary multiple linear regression for D(t + 1)
vs D(t), E(t), R(t); E(t + 1) vs D(t), E(t), R(t); and R(t + 1) vs D(t), E(t), R(t). Then the
coefficients in (1) are estimated as
b =
[
4.088 29.92 62.44
]× 10−5,
a =
 0.9875 0.005433 0.005145−0.000083 0.9948 0.003490
0.001586 −0.008593 0.9919

Σ = 10−6 ·
2.2272 0 00 3.6052 0
0 0 2.222

(5)
The matrix a is very close to 3 × 3 identity matrix. Thus the time series D,E,R are close
to random walk. Try regression of D(t+ 1)−D(t) vs D(t), and similarly for E and P . The
hypothesis that this is a random walk (that is, the slope for the latter regression is zero) is
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rejected with p = 0.028 for D, p = 0.021 for E, and p = 0.043 for R. This is in contrast with
[3], where authors could not reject the random-walk hypothesis for the PE ratio.
The value of R2 for D and E is about 3 ·10−3, and for R is 2.4 ·10−3. Thus the regressions
explain very little.
The residuals in these three AR(1) do not follow the normal distribution. This is visible
from the QQ plots, and standard normality tests fail. This represents a significant deficiency
of our research, and we believe that the way to remedy this is to switch to GARCH or
stochastic volatility models, which are commonly used in quantitative finance. However, for
now we use the AR(1) model. Next, we run regression of ∆(t+ 1) vs D(t), E(t), R(t):
∆ˆD = 0.9246, ∆ˆE = −0.1035, ∆ˆR = 0.0101, b∆ = 0.0112, σ2∆ = 5.5028 · 10−5.
Here, the residuals also do not follow the normal distribution: The QQ plot is not linear,
and the standard normality tests fail. Finally, we regress ln S(t+1)
S(t)
on D(t), E(t), R(t):
αˆD = 2.148 · 10−2, αˆE = −1.690 · 10−2, αˆR = −8.032 · 10−2;
rˆ = 3.205 · 10−3, σˆ2S = 1.7071 · 10−3.
(6)
It is interesting that the coefficients near D and R have larger absolute value than the
coefficient near E; and the coefficient near E is negative. That is, other things equal, lower
10-year trailing earnings yield (and thus higher 10-year trailing price-to-earnings ratio) leads
to lower, not higher, returns. This seems to contradict much of existing research. But
earnings yield depends on dividend yield (the former is larger than the latter), and the latter
has positive coefficient.
These 3 factors do not seem to explain much about one-month returns, since R2 = 0.003.
Still, over the long run (10 or 20 years) will explain more, as we see later. We can try
regressing these 1-month future returns only on one of these factors. Since not much is
explained by these quantities to begin with, removing two factors does not make it worse.
For example, the simple linear regression over 10EY has
r = −3.813 · 10−4, αE = 2.942 · 10−2, σS = 4.142 · 10−2, R2 = 4 · 10−4, p = 0.378,
the simple linear regression over 10DY yields
r = −7.063 · 10−4, αD = 2.337 · 10−2, σS := 4.134 · 10−2, R2 = 10−4, p = 0.661,
and the simple linear regression over 10TR yields
r = 2.784 · 10−3, αR = 7.710 · 10−2, σS = 4.129 · 10−2, R2 = 2.5 · 10−3, p = 0.037.
In all three cases, the slopes are positive, which means there is a positive relationship between
each of the 10EY, 10DY, and 10TR vs next month returns. However, the 10EY and 10DY
would not pass standard statistical significance tests. Only 10TR would. In contrast, for the
multiple linear regression, that 10PE has negative coefficient seems to be entirely due to the
noise: Since it explain almost nothing of the monthly fluctuations, this change of sign in the
coefficient when we switch from simple to multiple regression is entirely due to noise, and it
is not by itself statistically significant. Note that the standard errors in all these regressions
are almost the same. In none of these regressions, we use residuals pass normality tests.
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3.3. Bayesian linear regression. Although stock market returns highly fluctuate over one
month, they still depend a bit on the fundamental factors such as 10EY, 10DY, and 10TR.
This dependence accumulates over the years: What was statistically insignificant in the
short run becomes significant in the long run. We need to address how much confidence we
have in our estimates of regression and autoregression coefficients. To this end, we choose
Bayesian linear regression. Take past data for 10-year trailing dividend and earnings yields,
and 10-year real interest rate, with T = 1657:
D =
[
D(0) . . . D(T − 1)]
E =
[
E(0) . . . E(T − 1)]
R =
[
R(0) . . . R(T − 1)]
These are vectors in RT . We run five regressions of
D(t+ 1), E(t+ 1), R(t+ 1), ∆(t+ 1), ln
S(t+ 1)
S(t)
versus [D(t), E(t), R(t)] for t = 0, . . . , T − 1. For each of these five outputs x(t), we have:
(7) x(t) = c0 + cDD(t) + cEE(t) + cRR(t) + σε(t), ε(t) ∼ N (0, 1) i.i.d.
For each of these five regressions, we assume a non-informative Jeffey prior:
pi(c0, cD, cE, cR, σ
2) ∝ σ−2.
Denote by 1 the vector of T units. We compute the matrix
(8) S := [AA′]−1 , A =
[
1 D E R
]
which after computation becomes
S =

6.267 · 10−3 8.419 · 10−2 −0.1181 5.828 · 10−2
8.419 · 10−2 13.45 −8.634 −2.273
−0.1181 −8.634 6.371 1.875
−5.828 · 10−2 −2.273 1.875 1.363

Then the posterior distribution is
p(σ2) ∼ Ξ (σ2 | T − 4, s2) ,
p(c0, cD, cE, cR | σ2) ∼ N4(SA′cˆ, σ2S).
(9)
Here cˆ = [cˆ0, cˆD, cˆE, cˆR] is the vector of the point estimates of these linear regression co-
efficients, and s2 is the estimation of the standard error. Histograms of 10000 simulated
parameters of regression for returns are given in Figure 1:
(10) ln
S(t+ 1)
S(t)
= r + αDD(t) + αEE(t) + αRR(t) + σSεS(t), εS(t) ∼ N (0, 1),
For 10-year trailing dividend yield, coefficient histograms are in Figure 2:
(11) D(t+ 1) = bD + aDDD(t) + aDEE(t) + aDRR(t) + σDεD(t), εD(t) ∼ N (0, 1).
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Figure 1. Simulated Regression Parameters for Returns in (10)
(a) Intercept r (b) DY Coefficient αD (c) Variance σ
2
S
Figure 2. Simulated Autoregression Parameters for Dividend Yield in (11)
(a) DY Coefficient aDD (b) EY Coefficient aDE (c) Intercept bD
4. Simulations of the Fitted Model
In the previous section, we fitted Bayesian posteriors for parameters in the model. In this
section, we fix initial values of factors, and simulate the model (1), (2), (3) from subsection
3.1. Indeed, we cannot compute the distribution of wealth process at a given point explicitly,
since dividends are included in a non-additive way. We perform Monte Carlo simulations.
First, we fix initial factor values D(0), E(0), R(0). For regressions (1), (2), (3), we first
simulate posterior values of regression parameters in (9). Then we simulate the regressions.
Repeating this a large number of simulations, we can compute the wealth V (T ) for a fixed
time horizon T . We are more interested in the annual return:
RT := V (T )
12/T − 1.
We use 12/T because the return is annual, but time is measured in months. We compute
for RT its empirical distribution, mean, variance, and value-at-risk (the inverse cumulative
distribution function): the value xα such that P(RT ≥ xα) = α for given probability α. In
addition, we perform Shapiro-Wilk normality test.
4.1. Long-term average returns. Take initial factor values equal to long-term averages:
D(0) = D := 0.0410, E(0) = E := 0.0695, R(0) = R := 0.0155.
We let T = 60, 120, 180 (5, 10, 15 years), to find long-term average returns of S&P 500,
including dividends and adjusting for inflation. We simulate 10000 times. The distribution
of returns never passes the normality test: the p-value is much lower than 0.01. Table 1
contains results of this simulation: mean, standard deviation, and 95% confidence V@R
(value at risk). Note that the long-term returns, on average, are 6.6% − −6.7%. This
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Table 1. Long Term Returns
Years T Mean Stdev V@R
5 60 0.067 0.074 -0.051
10 120 0.067 0.067 -0.027
15 180 0.066 0.063 -0.023
Figure 3. Long Term Returns
(a) 5 years (b) 10 years (c) 15 years
is consistent with conventional wisdom that the long-term returns on S&P 500, including
dividends and adjusting for inflation, are around 7%.
Figure 3 contains histograms of simulated returns. We see that the longer time horizon
is, the more concentrated the return around the long-term average.
4.2. Dependence on the initial factors. Now, let us simulate wealth and return for var-
ious initial values of factors. Thus we find long-term dependence of RT on D(0), E(0), R(0).
First, we fix two initial factor values (equal to their long-term means) and change the third
initial factor, multiplying its long-term mean by {0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8}, for 5, 10, and
15 years: T = 60, 120, 180. For each setting, we repeat the simulation 10000 times, and
compute empirical mean and standard deviation. Results are in Table 2. Highlights:
• For varying dividend and earnings yields, the smallest standard deviation is for the
long-term mean value. For the treasury rate, this effect is not clear.
• As time horizon increases from 5 to 15 years, the standard deviation decreases by
20%–30%.
• The mean linearly depends on the changing factor in these three cases, with al-
most perfect fit: R2 = 99%. The slopes for DY, EY, and TR are approximately
1.24, −0.30, −1.00. Naturally, in the long run dependence upon the factors is similar
to the dependence in the short run.
• In all three cases, the means do not change much as time horizon increases. In most
cases, they decrease very slightly.
Another type of simulation: Choose randomly DY, EY, and TR by multiplying their
long-term means by a uniform random variable on [0.6, 1.8]. Repeat this random choice
100 times. Simulate 1000 times the terminal wealth for each such choice, for time horizon
T = 60, 120, 180 (5, 10, 15 years). Compute the mean m and the standard deviation σ for
each such choice. Run multiple linear regression upon these factors. For T = 60, we get:
From Table 3, we see the same patterns: Very strong dependence of m on the initial
DY, EY, TR, with coefficients roughly equal to the slopes of linear regressions in Table 2.
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Table 2. One Initial Factor Changed from Mean,
DY 0.0246 0.0328 0.0410 0.0492 0.0574 0.0656 0.0738
5Y Mean 0.0459 0.0554 0.0656 0.0754 0.0862 0.0965 0.1075
5Y Stdev 0.0755 0.0701 0.0698 0.0723 0.0786 0.0858 0.0986
10Y Mean 0.0454 0.0540 0.0639 0.0752 0.0847 0.0953 0.1061
10Y Stdev 0.0578 0.0516 0.0494 0.0528 0.0611 0.0713 0.0843
15Y Mean 0.0452 0.0550 0.0642 0.0743 0.0839 0.0958 0.1061
15Y Stdev 0.0520 0.0439 0.0417 0.0445 0.0530 0.0657 0.0792
EY 0.0417 0.0560 0.0695 0.0834 0.0973 0.1112 0.1251
5Y Mean 0.0743 0.0700 0.0648 0.0614 0.0579 0.0538 0.0498
5Y Stdev 0.0791 0.0726 0.0694 0.0712 0.0776 0.0883 0.1001
10Y Mean 0.0743 0.0696 0.0643 0.0603 0.0564 0.0519 0.0495
10Y Stdev 0.0630 0.0535 0.0501 0.0533 0.0621 0.0729 0.0878
15Y Mean 0.0738 0.0686 0.0638 0.0592 0.0548 0.0520 0.0483
15Y Stdev 0.0559 0.0462 0.0410 0.0449 0.0556 0.0687 0.0837
TR 0.0093 0.0124 0.0155 0.0186 0.0217 0.0248 0.0279
5Y Mean 0.0712 0.0672 0.0659 0.0621 0.0593 0.0557 0.0528
5Y Stdev 0.0699 0.0695 0.0702 0.0704 0.0693 0.0694 0.0694
10Y Mean 0.0712 0.0676 0.0650 0.0625 0.0579 0.0546 0.0514
10Y Stdev 0.0503 0.0500 0.0503 0.0503 0.0494 0.0502 0.0496
15Y Mean 0.0716 0.0669 0.0638 0.0607 0.0580 0.0541 0.0522
15Y Stdev 0.0418 0.0423 0.0415 0.0412 0.0411 0.0419 0.0418
Table 3. Mean and Stdev Regression Upon Initial DY, EY, TR
Quantity Intercept DY Coeff EY Coeff TR Coeff σ2 R2
5Y Mean 0.0597 1.2123 -0.3439 -1.1247 1.24 · 10−6 0.996
5Y Stdev 0.0755 -0.0054 0.0949 -0.1662 1.24 · 10−4 0.046
10Y Mean 0.0517 1.2761 -0.3485 -0.9726 3.6 · 10−6 0.993
10Y Stdev 0.0502 0.0300 0.1306 0.0255 2 · 10−4 0.049
15Y Mean 0.0502 1.1603 -0.2584 -0.9836 2 · 10−6 0.995
15Y Stdev 0.0356 0.1943 0.1950 0.0456 2.3 · 10−4 0.049
This regression explains the value of m with a very high R2. For standard deviation, this
dependence is weaker: R2 is much smaller, σ is much larger.
4.3. Current initial factor values. Try current values of DY, EY, and TR (as of January
1, 2019): D(0) = 0.01525, E(0) = 0.03531, R(0) = 0.0077. Table 4 gives the mean, variance,
and 95% confidence value at risk for three time horizons: T = 60, 120, 180. The histograms
of 1000 simulations for each case are in Figure 4. They are close to normal, and the Shapiro-
Wilk test gives high p-values.
Annual returns are generally lower than long-term average S&P 500 returns of 6.5%.
This is consistent with conventional wisdom that currently (as of this writing) stocks are
overvalued, and interest rates are high, which makes bonds attractive compared to stocks.
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Table 4. Returns Given Initial Current Values of DY, EY, TR
Years Mean Stdev V@R p
5 0.0519 0.0682 -0.0543 0.15
10 0.0505 0.0527 -0.0356 0.11
15 0.0507 0.0452 -0.0185 0.60
Figure 4. Returns Given Initial Current Values of DY, EY, TR
(a) 5 years (b) 10 years (c) 15 years
Only for T = 36 (3 years) we have p = 0.001, that is, we can reject the normality
hypothesis. This shows that in the long run, the distribution of returns becomes close to
normal. Contrast this with short-run market fluctuations (and that of factors): They were
not normal, but had heavy tails.
4.4. Comparison of stocks and bonds. For the purposes of this section, we assume that
the 10-year real interest rate at month t is given by R(t). That is, R(t) is the coupon rate for
an inflation-protected Treasury bond (called TIPS: Treasury Inflation-Protected Security),
with maturity at t + 120 (10 years). Such a bond pays (automatically inflation-adjusted)
semiannual coupon of size R(t)/2 for every 1$ invested in such bond. There is a total of
20 such coupon payments. In addition, the principal (the original payment) is returned at
maturity (10 years = 120 months).
This assumption is not exactly true, because such rate reflects expected inflation over
the next 10 years instead of average inflation over the last 10 years. However, to a first
approximation, expected future inflation rate is equal to the current inflation rate, or the
inflation rate in the recent past.
To compare this cash flow from 10-year TIPS with S&P 500 investments, we simulate a
version of the wealth process with regular semiannual (every 6 months) withdrawals, equal
to the R(t)/2. Then we simulate the terminal wealth, for 10 year time horizon. If this wealth
is greater than 1, then S&P 500 is a better investment.
To specify the initial values of factors, we try: (a) long-term averages; (b) current values;
(c) simulate 100 random values of DY, EY, TR, by multiplying their long-term averages
by uniform random variables on [0.6, 1.8]. For the long-term average, this is 0.82. For the
current values (as of January 2019), this is 0.79. This somewhat contradicts the current (at
the time of this writing) conventional wisdom that stocks are overpriced and less attractive
than bonds. For the randomly simulated values, we run regression of this probability versus
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these initial factor values, and get:
p = 0.7848 + 4.7793 ·D(0)− 1.0456 · E(0)− 9.2042 ·R(0) + ε,
ε ∼ N (0, 2.8 · 10−3), R2 = 0.759.
Other things equal, larger initial DY makes stocks more attractive, but larger initial EY and
TR make them less attractive, compared to bonds.
5. Conclusions
We modeled S&P 500 using long-term monthly historical data. We built and fit a dynamic
factor model with 3 factors: 10-year trailing earnings yield, 10-year trailing dividend yield,
and 10-year real interest rate, estimated using past 10 year inflation. The factors are modeled
as a vector autoregression with order 1, and the one-month returns and the 1-year forward
dividend yield are modeled as multiple linear regressions upon these three factors.
The short-term fit is not good, because the tails are much heavier than normal. However,
we use Bayesian framework to capture this weak but not entirely absent dependence. In the
long run (5, 10, 15 years), it translates into stronger dependence. Thus we can use results
of this research for long-term (but not short-term) investing.
5.1. Future research. The key deficiency is non-normality of tails. There are several ways
to bypass this: Introduce ARCH or GARCH models, or stochastic volatility models, which
are commonly used in quantitative finance, see for example [4]; Generalized linear regression
in frequentist or Bayesian setting.
In addition, DY and EY are dependent: The former is smaller than the latter. One can
transform D(t) and E(t), for example by taking the DE ratio DE(t) = D(t)/E(t), and
regression factors
ln
DE(t)
1−DE(t) , lnD(t).
Finally, recall that R(t) is not the true real 10-year interest rate, but computed from the
raw data: Nominal 10-year interest rate and 10-year trailing inflation rate. We can use these
data and have 4 factors instead of 3.
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